Abstract-In this paper, we consider the problem of controlling a network of locally interacting mobile agents, subject to a set of non-local topology constraints, towards a group flocking objective. As opposed to switching network links directly in the space of discrete graphs, yielding a divide in spatial configuration and communication topology, we regulate topology through mobility, enabling adjacent agents to retain or deny links spatially on the basis of constraint satisfaction. Specifically, we propose a distributed formulation consisting of a switching control and smooth potential fields for local link discrimination and flocking, coupled with consensus-based coordination over proposed topology changes, yielding transitions in communication that respect non-local constraints and correspond to agent configuration. An analysis of the interplay between the topology consensus and constraint composition, together with a Lyapunov-like convergence argument guarantees the flocking, collision avoidance, and constraint satisfaction properties of the system. Finally, simulations of a novel constrained coordination scenario highlight the correctness and applicability of our proposed methods.
I. INTRODUCTION
There exists significant biological, ecological, and social evidence indicating the inherent strength of systems composed of locally interacting agents, and given recent advancements in communication and computation, the reality of mimicking such systems has motivated extensive study in areas of emergent phenomena; for example aggregation, cohesion, and schooling [1] - [3] . In this work, we consider specifically the flocking behavior of mobile networks, a subject of interest in areas of robotics and control, arising as a natural solution to problems of cooperation and autonomy in multi-agent systems; see [4] - [9] for examples of flocking and the closely related problems of consensus, coverage, and formation control.
In analyzing flocking and more generally consensus it is typical to assume a connected network topology, either for all time or over bounded time intervals [5] , [6] . Such requirements naturally motivate the problem of connectivity control, with works primarily seeking to maintain initially connected networks, or regulate local or global measures of network connectedness. In [10] a hysteresis model for topological transitions is proposed that retains links to guarantee network connectivity, while [11] takes a more general approach, defining hybrid controls for connectivity preserving link deletion. Connectivity maximization is considered in [12] , coupling algebraic connectivity estimation with a supergradient algorithm and potentialbased mobility. Lying beyond simple connectedness are the implications of topology on the performance and robustness
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of networked processes (e.g. consensus). As demonstrated in [6] , [13] - [15] , with biological insight [3] , distinct tradeoffs exist in network composition, motivating the control of agent interaction beyond what guarantees of connectedness alone can provide. This viewpoint contrasts with works seeking direct enhancements to networked algorithms [7] ; in such cases, performance remains at the mercy of network topology.
In this work, we are therefore motivated to consider general non-local constraints on network topology, with flocking as a vehicle for analysis. Non-local constraints in the topology control problem have been studied for example in [11] , [16] - [18] , however from a centralized perspective, and in the case of [17] , [18] , with concern only for link deletion. Works that treat link addition [11] , [19] , act by switching links directly in the space of discrete graphs, yielding a divide in communication and agent configuration, and introducing the potential for issues such as interference in aggregating behaviors. Assuming proximity-limited communication and sensing, the treatment of link addition, i.e. interaction with previously undetected agents, introduces difficulties in enforcing spatial displacement between constraint violating agents. Thus, to extend connectivity preserving formulations such as [10] - [12] , [17] - [19] , we couple a hysteresis model of spatial interaction [10] , with a switching framework that preemptively selects candidates for link deletion and addition, regulating network links through mobility and dictating constraint satisfying spatial configurations. Specifically, we propose mobility controls that switch between a set of smooth, constraint-enforcing potential fields, coupled with consensus-based coordination over topology transitions that respect a non-local constraint composition. An analysis of the topology consensus and a Lyapunov-like convergence argument guarantee the flocking, collision avoidance, and constraint satisfaction properties of the system, while simulation results over a novel coordination scenario reinforce our claims and demonstrate the applicability of our methods in a realistic setting 1 . The outline of the paper is as follows. In Section II we provide agent and network models, algebraic connectivity measures, assumptions on constraint composition, and a problem formulation. A switching control framework for constraintaware flocking and a related dynamical analysis are presented in Section III. Section IV discusses a consensus approach to coordinating topology change relative to non-local constraints and its relationship to the mobility control, including a systematic proof of constraint satisfaction. Simulation results are provided in Section V, and concluding remarks as well as directions for future work are stated in Section VI.
II. MODELING AND PROBLEM FORMULATION
Consider a network of n mobile agents operating over R m with double integrator dynamicṡ
where x i (t), v i (t) ∈ R m are the position and velocity of the ith agent at time t ∈ R + , respectively, and u i (t) ∈ R m is an acceleration control input. Denoting the distance between agents i and j by x ij x i − x j , the spatial neighborhood of each agent is partitioned as follows ( Fig. 1) :
and sensing of displacement x ij can occur.
• x ij ∈ (ρ 1 , ρ 2 ]: spatial discernment of adjacent agent j for topological constraint satisfaction (Section III).
where we refer to ρ 2 and ρ 1 as the interaction and connection radii, respectively. Such a model captures a relevant theoretical view of interacting systems: finite-ranged communication and sensing, and discerned interaction.
The described spatial model can be formalized by considering the dynamic graph (or proximity graph) G(t) = (V, E(t)), with vertices (nodes) V = {1, . . . , n} indexed by the set of agents, and edges
, with switching signals [10] :
where we assume (i, i) / ∈ E(t), ∀ i ∈ V, i.e. there are no self loops 2 . Notice that (2) induces a dwell time between transitions in G(t), modulated by the annulus ρ 2 − ρ 1 , a property vital to formulating constraint-aware mobility (Section III). By construction G(t) is undirected in nature, where adjacent agents with (i, j) ∈ E(t) are called neighbors and the set of neighbors for an agent i is denoted N i (t) = {j ∈ V | (i, j) ∈ E(t)}, with symmetry j ∈ N i (t) ⇔ i ∈ N j (t). If for every pair of nodes i, j there exists a sequence of nodes in G(t) that are adjacent (a path) and connect i, j, we say that G(t) is connected. If we let l ij denote the shortest path between agents i and j, the k-hop
is the set of all such paths of k-hops or less [17] .
As the topological features of the network are of concern we employ an algebraic representation of G(t) by first considering the adjacency matrix A(t) ∈ {0, 1} n×n having symmetric elements a ij (t) = 1 if (i, j) ∈ E(t) and a ij (t) = 0 otherwise, where we denote by a i (t) the ith row of A(t). We can then construct the matrix
with elements {c
} representing the number of paths khops or less from i to j, and matrix C k (t) with elements {c
indicating the existence of a path of 2 Notation t − , t + refers to switching transitions and ∧, ∨, ¬, ⊕ represent the boolean AND, OR, NOT, XOR operations, respectively. Further, when the operands are set-valued, we refer to the boolean operations over sets defined in the standard manner. k-hops or less between i and j [17] , [21] . Notice that we then have |N
where λ 2 dictates the network algebraic connectivity and λ 2 > 0 ensures graph connectedness [21] . Now, we assume that each agent possesses a set of topological constraints, represented by well-posed logical predicates taking the generic forms
where each f is some nondecreasing function of A(t). Specifically, the constraint satisfaction of each agent is given by
, where P k i,u and P k i,l are the kth constraints having form P u and P l , respectively. By considering constraints over C p k (t), C k (t), and λ 2 , we can regulate both general network connectivity and the individual interactions of agents in a non-local manner 3 , motivating the consideration of the following problem:
Problem 1 (Topology-constrained flocking): Given an initial network G(0) such that P(0) ∧ i P i (0) = 1, design controls u i (t) such that P(t) = 1 for all t > 0, agent velocities are asymptotically aligned, and collisions are avoided.
III. SWITCHING FOR CONSTRAINT-AWARE FLOCKING
Controlling agent interaction under topological constraints requires action that regulates network transitions, by discriminately allowing or disallowing link creation or deletion. As opposed to switching links directly (as in [11] , [19] ), we propose a spatial construction that is preemptive and discerning; viewing x ij ≤ ρ 1 as a region of optimal communication, we exert spatial control over agents that constitute a constraint violating interaction. Specifically, within the discernment region x ij ∈ (ρ 1 , ρ 2 ] an agent i determines relative to system constraints whether agent j is a candidate for link addition (j / ∈ N i ) or deletion (j ∈ N i ), or if agent j should be attracted (retain (i, j) ∈ E(t)) or repelled (deny (i, j) / ∈ E(t)). Fig. 1 depicts the scenarios of our model of agent interaction and link discrimination. Additionally, we make the following assumption concerning all agent interaction: Assumption 1 (Synchronization): For clarity we assume agent synchronization in the discernment of network links, and in the application of consensus required for decentralization. We direct the reader to work such as [22] that considers, in a similar setting, certain issues related to asynchronicity. Now, as a consequence of link dynamics (2) and the proximity limitations of the system, we discern topology changes preemptively by defining predicates for link addition and deletion, P a ij and P d ij , activated at ρ 2 and ρ 1 , respectively, that indicate possible constraint violations if the link (i, j) were allowed to be either created or destroyed, i.e. x ij transits ρ 1 or ρ 2 . Formally, we associate switching signals
, and {ζ i } n i=1 with addition candidacy, deletion candidacy, attraction, and repulsion, where
n , ξ i ∈ {0, 1} n , and ζ i ∈ {0, 1} n are associated with agent i. We denote by ϕ 
for link addition and deletion, respectively. For convenience, we can collect the signals (3) into matrices W (t), Y (t) ∈ {0, 1} n×n , having rows ϕ i (t) and γ i (t), respectively. The attraction and repulsion signal updates take forms complimentary to (3) given by
respectively. The dynamics of (3), (4) are illustrated in Fig. 2 , with the salient properties summarized below:
• Symmetry: Assuming that P a ij = P a ji and P
• Exclusivity: For a discerning agent i, a nearby agent j with x ij ∈ (ρ 1 , ρ 2 ] belongs to one and only one discernment set of i. • Persistence: For a discerning agent i, a nearby agent j with x ij ∈ (ρ 1 , ρ 2 ] that belongs to a discernment set of i remains a member of the set for all time until either x ij ≤ ρ 1 or x ij > ρ 2 , i.e. j leaves the discernment region.
A. Mobility and Analysis
Mobility is integrated into the link discrimination model by considering smooth potential fields to act as attractive or repulsive controls between agents constituting a constraint violating interaction. Specifically, we have constraint potentials
for attraction and repulsion, respectively, where Ψ a , Ψ r are polynomials in x ij constructed such that C 2 smoothness is guaranteed over the ρ 1 and ρ 2 transitions. For collision avoidance define potential
where again Ψ c is chosen equivalent to (5) by ensuring C 2 smoothness over the ρ 0 transition. Finally, adding a flocking term and a generalized secondary objective, our proposed constraint-aware control laws are given by
where the objective potential ψ o ij is a C 2 smooth function of x ij over [0, ρ 2 ], and Π i = {j ∈ V | x ij ≤ ρ 0 } is the collision avoidance set for agent i.
The overall system consisting of dynamics (1), topology dwell (2), discernment signals (3), (4), and controls (7) can be viewed generally as a switched systemż = g α (z), α(t) : [0, ∞) → S, where S is a finite set indexing the switched dynamics, and we let t p , for p = 1, 2, . . . denote the times when the switching signal α(t) changes [5] , [19] . It is important to note that discontinuities in (7) are due only to the flocking term, arising from switches in G(t), as a consequence of potential smoothness with respect to discernment set switching. Thus, link dynamics (2) induce a dwell time τ > 0 between transitions in α(t). The first result concerning topology-constrained flocking now follows.
Theorem 3.1 (Topology-Constrained Flocking): Consider dynamics (1) subject to local controls (7) and assume that t p − t p−1 > τ for all switching times t p . Then,
, and
That is, constraint violations are avoided as repelled agents remain outside of the connection boundary, and attracted agents remain within the disconnection boundary, while collision avoidance and flocking are achieved.
Proof: (Abbreviated). Our analysis is generally along the lines of [23] . Denote by Q s the union of the time intervals when α(t) = s, for s ∈ S, and letx ∈ R mn(n−1)/2 , v ∈ R mn , be the vectors formed by stacking x ij and v i , respectively [5] . Consider the Lyapunov-like function V α : R mn(n−1)/2 × R mn → R + defined as
and the associated level sets 
as the Laplacian matrix L α is always positive semi-definite assuming connectedness (⊗ denotes the Kronecker product). Thus, for any dynamics indexed by α(t), the level sets Ω α are positively invariant, which implies that the potentials ψ i ( x ij ) remain bounded. We can therefore conclude that since
, and x ij > ρ 1 , ∀ i ∈ V, j ∈ D r i , for t in an interval of Q s , i.e. between switching times. By switching conditions (2)- (4) (c.f. Fig. 2 ) it follows that at the transition to any switched state α(t) ∈ S the previous relationships continue to hold, and thus they hold in the union t ∈ Q s for any s ∈ S, and thus over all t > 0. Now, as the level sets Ω α are positively invariant and compact (due to (9) and continuity of V α ) and the stacked dynamics are locally Lipschitz (a consequence of V α ∈ C 2 ), it is implied that v T (L α ⊗ I)v is uniformly continuous in Q s [19] . These conditions together with the dwell time assumption are then sufficient to ensure that v T (L α ⊗ I)v → 0 as t → ∞, which for a connected L α implies v ∈ span(1) and flocking is achieved [23] .
IV. COORDINATING NON-LOCAL CONSTRAINTS
Having guaranteed the desired dynamical properties of the system under the switching formulation (3), (4), we now require local predicates P 
n×n , the local adjacency, addition candidacy, and deletion candidacy information known by agent i, respectively. A proposed topology change is denoted by r
, where (i, j) ∈ V × V is the proposed link, ς ∈ {0, 1} indicates link addition or deletion, and b ∈ R + is a bid associated with the proposition. The set of topology propositions known to i is R i (t), while the set of propositions available through local communication is
The transition of some j / ∈ N i , x ij > ρ 2 across ρ 2 (proposed addition), or some j ∈ N i , x ij ≤ ρ 1 across ρ 1 (proposed deletion) for an agent i then initiates the following consensus processes [11] :
where each agent i initializes
for row i and remaining rows to 0 T . The propositions R i (0) are initialized with local links induced by the transition into the discernment region, propositions that were unfulfilled in previous discernments, or current members of D a i , D r i for reevaluation, with bid b > 0 indicating some valuation of the link. Assuming G(t) is connected and does not switch during execution 4 , iterations (10) converge in at most n − 1 steps to A i = A(t), W i = W (t), Y i = Y (t), and r ∈ R i (t) = r max = argmax r k ∈∪ l∈V R l (t) (r k,4 ) for each agent i, that is uniformly to the global topology and candidacy state, and a winning proposition upon which constraint evaluation will be based [11] .
Considering discernment switching (3), (4) and the guarantees of Theorem 3.1 concerning the dynamics of members j ∈ D a i , D r i , it follows that A(t), W (t) and Y (t) capture fully the space of possible network topologies that could occur between discernments. Thus, each agent can evaluate their local constraints over worst-case topologies and vote on proposition r max . In particular, as f (A(t)) is non-decreasing in A(t) , the worst-case topologies with respect to predicate formulations P u and P l are the maximally and minimally connected networks described by A max = A i ∨ W 
where q i (t) is the vote on proposition r max for the ith agent, with initialization
). Like (10), voting process (11) is convergent within n − 1 steps to q i = ∧ j∈V q j (0). Finally, for proposed link (i, j) ∈ r max , the associated predicates are given by ¬P a ij = q i for ς = 0 or ¬P d ij = v i for ς = 1, while non-winning propositions are reentered into future rounds of discernment. This now brings us to our main result concerning constraint satisfaction.
Theorem 4.1 (Constraint satisfaction): Assume system (1) evolves according to controls (7), with switching dictated by (2)- (4), and link discernment predicates P a ij , P d ij constructed by the consensus processes (10), (11) . Further, assume we have initially P(0) = 1 and
Then P(t) = 1 for all t > 0. That is, for the extent of execution, the network topology of the system (i.e. agent interaction) satisfies the composition of constraints P(t) having a potentially non-local nature.
Proof: By Theorem 3.1, the exclusivity and persistence properties of Fig. 2) , and the assumed initial condition, it follows that transitions in G(t), due to link addition or deletion, occur over only candidate links, i.e. Finally, since the constraint functions f (A(t)) are non-decreasing in A(t), we have f (A(t)) ≤ f (A max ) and f (A(t)) ≥ f (A min ), from which we conclude P k w,u (A max )) ⇒ P k w,u (A(t)) and P k w,l (A min )) ⇒ P k w,l (A(t)) for all w ∈ V and t > 0, and the result follows.
V
. SIMULATION RESULTS
In this section, we present simulation results of our proposed control formulation, and show that the desired constraint, flocking, and collision avoidance properties hold under a novel coordination scenario. Suppose we have a system of n = 10 agents operating in a bounded workspace over R 2 , with interaction model parameters (ρ 2 , ρ 1 , ρ 0 ) = (20, 15, 5) . We assign 6 agents the flocking controller (7) together with an additional dispersive control u dis = − j∈Ni ∇ xi (1/ x ij 2 ) for the purposes of forcing link deletions in the network 5 . The remaining 4 agents we designate as stationary hubs with no assigned mobility control. The hubs can be viewed in various contexts, e.g. as data repositories with which the mobile agents require 5 See our previous work [24] for analysis of dispersion under constraints.
connection, relay switches to external networks, or as markers partitioning subregions of the workspace. We assign to the hub agents max degree constraints |N 1 |, |N 2 | ≤ 2 and |N 3 |, |N 4 | ≤ 3, while the mobile agents are assigned connectivity constraints λ 2 > 0, |N i | ≥ 2, and min hub constraints |H the k-hop neighbors and paths that correspond to hubs, respectively. Constraints of this nature may reflect spatial limitations on hub availability, and mobile clients that require a minimum level of interconnectivity and connection to a hub with path redundancy. Fig. 3 depicts a simulation of the coordination scenario with an initial configuration satisfying P(0) = 1 as shown in Fig.  3a , where the mobile agent velocities are random (black arrows) and connectivity is represented by black links. Hubs are depicted in green (with radii ρ 2 , ρ 1 shown) and mobile agents in red, where constrained interaction is depicted by red solid links (attraction) and blue dashed links (repulsion). The spatial progression of the system is given by the intermediate and final configurations Figs. 3b and 3c, with velocity alignment clearly achieved. Fig. 3d reinforces flocking behavior with converged velocity deviation v − v i (top), where constraint action is evident through fluctuations in velocity and swarm size (bottom). Finally, from Figs. 3e and 3f we can conclude constraint satisfaction is achieved: hub max degree (3e, top), agent min degree (3e, bottom), agent-hub connectivity (3f, top), and agent-hub paths (3f, bottom).
VI. CONCLUSIONS AND FUTURE WORK
In this paper we considered the problem of generating coordinated flocking behavior in a proximity-limited system, subject to network topology constraints of non-local composition. A spatial model of agent interaction was proposed, together with a switched mobility control for the constraint-aware retention or denial of network links, enforcing a correspondence between spatial configuration and communication topology. In tandem with consensus-based coordination over propositions in topology switches, it was shown that the satisfaction of constraints is guaranteed over the system trajectories, with the desired velocity alignment and collision avoidance achieved. Finally, simulations of a novel constrained coordination scenario demonstrated the correctness and applicability of our proposed methods.
Directions for future work include investigating the impact of varied topology constraints on diffusion processes in distributed networks (e.g. consensus), or exploring nonholonomic constraints in agent dynamics. Attention should also be given to realistic communication models (e.g. fading channels) and the general role uncertainty plays in spatial interaction. 
